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ABSTRACT. We point out that a topologically regular Alexandrov space of di- 
mension 4 (with curvature bounded below) and an effective, isometric action of 
the circle or the 2-torus is locally smooth. This observation implies that the topo- 
logical and equivariant classifications of compact, simply connected Riemann- 
ian 4-manifolds with positive or nonnegative sectional curvature and an effective 
isometric action of a circle or a 2-torus also hold if we consider topologically 
' regular Alexandrov spaces instead of Riemannian manifolds. 

Q : 

1. Introduction and main results 

The interaction between (sectional) curvature and isometric actions of compact 
Lie groups on Riemannian manifolds plays an important role in the study of com- 
pact Riemannian manifolds with positive or nonnegative curvature. Alexandrov 
spaces (with curvature bounded below) arise naturally in this context as orbit spaces 
of isometric actions of compact Lie groups on Riemannian manifolds with a lower 
^C) " curvature bound. Alexandrov spaces also occur as Gromov-Hausdorff limits of se- 

. quences of Riemannian manifolds. Furthermore, being synthetic generalizations 

O \ of Riemannian manifolds with curvature bounded below, Alexandrov spaces are 

CN ■ geometric objects of intrinsic interest. 

It is well-known that the isometry group of a (compact) Riemannian manifold 
is a (compact) Lie group. Since the same conclusion is true for Alexandrov spaces 
(cf. lfl~2l ). it is of interest to determine which results in equivariant Riemannian ge- 
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ometry have Alexandrov analogues. The simplest Alexandrov spaces for which one 
may consider this question are those in which every space of directions is homeo- 
morphic to a sphere; following Ge lfT8l . we will say that these spaces are topologi- 
cally regular and shall refer to them as TR Alexandrov spaces. These spaces arise, 
for example, as limits of sequences of n-dimensional Riemannian manifolds with 
the same lower curvature bound (cf. ll24l ). Nevertheless, it is not known whether 
any TR Alexandrov space can be realized as a limit of Riemannian manifolds with 
the same dimension and lower curvature bound. 

Every TR Alexandrov space is isometric to an Alexandrov manifold, i.e. a topo- 
logical manifold equipped with an Alexandrov metric. The converse, however, 
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is not true: The double spherical suspension £ 2 (P 3 ) of the Poincare homology 
3-sphere (P 3 , go), with its standard Riemannian metric go of constant positive cur- 
vature, is a positively curved Alexandrov manifold homeomorphic to the 5-sphere 
and is not topologically regular. Ge lfl~8ll has classified up to homeomorphism open 
TR Alexandrov spaces of dimension 4 and nonnegative curvature. 

Motivated by the preceding discussion, in this note we show that the topolog- 
ical and equivariant classification of compact, simply connected Riemannian 4- 
manifolds with positive or nonnegative curvature and an effective isometric action 
of a circle or a 2-torus (cf. C3l US [16] EH [23] [28l [37l ) still holds if instead of con- 
sidering Riemannian manifolds we consider TR Alexandrov spaces. Before stating 
our results, recall that a biquotient is a quotient of a Lie group G by the two-sided, 
free action of a subgroup H c G x G. If G is equipped with a bi-invariant metric, 
then the action of H is by isometries and the quotient G//H equipped with the 
induced metric (of nonnegative curvature) is called a normal biquotient. 

Theorem A. Let X 4 be a compact, simply connected, topologically regular Alexan- 
drov space of dimension 4, with an effective, isometric T 2 action. 

(1) If cutv(X 4 ) > 1, then X 4 is equivariantly homeomorphic to § or CP 2 
with a linear action. 

(2) If cur v(X 4 ) > 0, then X 4 is equivariantly homeomorphic to § 2 or CP 2 
with a linear action or to 8 2 x § 2 or CP 2 ^ ± CP 2 with an action induced 
by a normal biquotient Riemannian metric. 

Theorem B. Let X 4 be a compact, simply connected, topologically regular Alexan- 
drov space of dimension 4, with an effective, isometric S 1 action. 

(1) If curv(X 4 ) > 1, then X 4 is equivariantly homeomorphic to S 4 or CP 2 
with a linear action. 

(2) If cur v(X 4 ) > 0, then X 4 is equivariantly homeomorphic to § 2 or CP 2 
with a linear action or to 8 2 x 8 2 or CP 2 ^ ± CP 2 with an action induced 
by a normal biquotient Riemannian metric. 

We point out that T 2 is the largest torus that can act isometrically on a simply 
connected 4-dimensional Alexandrov space (cf. ifTTl ) . 

Theorems A and B follow from the observation that the torus and circle ac- 
tions under consideration are locally smooth (see subsection I2.2I ). This allows us 
to use Orlik and Raymond's work on compact, simply connected, topological 4- 
manifolds with locally smooth 2-torus actions (cf. 11301 ) and Fintushel and Pao's 
work on compact, simply connected, topological 4-manifolds with locally smooth 
circle actions (cf. [TUJ [311), essentially reducing the proof to the smooth case. 
The metric and topological tools used in the proofs in the Riemannian case, among 
them crucial work of Grove and Wilking on extremal knots in an Alexandrov 3- 
sphere ETI . yield the results. 

Our note is divided as follows: In Section [2] we collect some background ma- 
terial on isometric actions on Alexandrov spaces and locally smooth actions; in 
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particular, we observe that the spaces in Theorems A and B are locally smooth. 
Sections [3] and 0] contain, respectively, the proofs of Theorems A and B. 

Acknowledgements. I would like to thank B. Wilking for helpful conversations, 
and J. Harvey and C. Searle for sharing their preprint |[22ll . 

2. Preliminaries 

In this section we recall some background material on isometric compact Lie 
group actions on Alexandrov spaces (cf. lfT4l [171 1221 ) and show that actions of the 
type considered in Theorems A and B are locally smooth. We assume that the 
reader is familiar with the basic theory of compact transformation groups (cf. Q) 
and of Alexandrov spaces (cf. ESI). 

2.1. Equivariant Alexandrov geometry. Let G x X — ► X, x h> g(x), be a 

topological action of a topological group G on a Haussdorff topological space X, 
i.e. let X be a G-space. We will denote the orbit of a point x € X under the action 
of G by G(x) £ G/G x , where G x = { g e G ■ g(x) = x } is the isotropy subgroup 
of G at x. We will denote the fixed point set of the action by Fix(X, G). Given 
a subset A c X, we will denote its projection under the orbit map n : X -*■ X/G 
by A*. Following this convention, we will denote the orbit space X/Gby X*. We 
will henceforth assume all actions to be effective. We will say that two G-spaces 
are equivalent if they are equivariantly homeomorphic. 

Let (X, dist) be a (finite dimensional) Alexandrov space (with curvature bounded 
below) with an isometric action of a compact Lie group G. We will denote the 
space of directions of X at x by T, X X. Given A c H X X, the set of normal direc- 
tions to A, denoted by v(A), is defined by 

v(A) = {de E x X : dist(u,u;) = diam(S x X)/2 for all w e A }. 

Let S x c H X X be the unit tangent space to the orbit G(x) at x and suppose that 
dim(G(x)) > 0. The set v x - u(S x ) is a compact, totally geodesic Alexandrov 
subspace of T, X X with curvature bounded below by 1, and the space of directions 
T, X X is isometric to the join S x *v x with the standard join metric. Moreover, either 
v x is connected or it contains exactly two points at distance it (cf. ifTTl ). 

The slice and principal orbit theorems, as well as Kleiner's isotropy lemma for 
isometric actions of compact Lie groups on Riemannian manifolds (cf. lfl9l ) also 
hold for Alexandrov spaces (cf. lfl4l 22]). In particular, if a compact Lie group G 
acts by isometries on an Alexandrov space X, then a slice at x is G^-equivariantly 
homeomorphic to the cone on v x , the space of normal directions to the orbit. In 
other words, for any x e X there is some tq > such that for all r < ro there is an 
equivariant homeomorphism cp : G x Ga , K(v x ) -*■ B r (G(x)) (cf. ll22l ). It follows 
that T, X *X*, the space of directions of the orbit space X* at x* , is isometric to 

2.2. Locally smooth actions. Let G be a compact Lie group and let IbeaG- 
space. Let G(x) be an orbit of type G/H, for some xel. Recall that a tube about 



4 



F. GALAZ-GARCIA 



G(x) is a G-equivariant embedding (homeomorphism into) 

ip:Gx H A — > X, 

onto an open neighborhood of G(X) in X, where A is some space on which H 
acts. If A is homeomorphic to Euclidean space V and H acts orthogonally on V, 
then we say that the tube 

tp:Gx H V — > X 

is a linear tube. A slice 5 at x e X is called a linear slice if the canonically 
associated tube 

G xg x S — ► X 

[g,s] ^(s) 

is equivalent to a linear tube, i.e. if the G x -space 5 is equivalent to an orthogonal 
G x -space. We say that a G-space is locally smooth if there exists a linear tube about 
each orbit. Since G x H V is a F -bundle over G/H, it's a topological manifold. 
Thus, any locally smooth G-space must be a topological manifold. If the G-space 
X is locally smooth and if x is a fixed-point, then a neighborhood of x in X is 
equivalent to an orthogonal action. Hence, in this situation, the fixed point set of the 
G action is a topological submanifold of X. There exist examples of topological 
actions on manifolds which are not locally smooth (cf. 0] Ch. IV]). We now show 
that the G-spaces considered in Theorems A and B are locally smooth. 

Lemma 2.1. If X is a TR Alexandrov space of dimension 4 with an effective, iso- 
metric action ofT 2 or S , then X is locally smooth. 

Proof. Let X be a TR Alexandrov space with an effective, isometric action of G, 
with G isomorphic to T 2 or S . By the slice theorem, it suffices to show that the 
isotropy action on the normal space of directions to any orbit is equivalent to a 
linear action on a sphere. Suppose first that G = T 2 . In this case, the only pos- 
sible non-principal isotropy subgroups of the torus action are conjugate to S 1 or 
T 2 (cf. QUI ). The space of directions normal to the orbit is, respectively, homeo- 
morphic to S 2 or to § 3 and it is well-known that topological S 1 actions on § 2 and 
topological T 2 actions on S 3 are equivalent to linear actions. 

Suppose now that G = S . In this case, the only possible non-principal isotropy 
subgroups are finite cyclic groups k>2,orS. The space of directions normal 
to the orbit is, respectively, homeomorphic to 8 2 or to 8 3 . In the first case, Z^ 
acts by homeomorphisms on S 2 . By work of de Kerekjarto [7], Brouwer [21 and 
Eilenberg [8], this action is equivalent to an orthogonal action (cf. @). In the 
second case, S 1 acts by homeomorphisms on S 3 and, by work of Raymond ll36l 
Theorem 6], this action is equivalent to an orthogonal action. □ 

Recall that if M is a smooth compact manifold with a smooth S 1 action, then 
x(Fix(M, S 1 )), the Euler characteristic of the fixed point set, is the Euler char- 
acteristic of M (cf. ll29l Theorem 5.5-(l)]). An inspection of Kobayashi's proof 
shows that in our case, where we consider locally smooth circle actions on com- 
pact, topological manifolds, the same conclusion holds. 
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Proposition 2.2. If S 1 x X — > X is a locally smooth circle action on a compact 
topological manifold X, then 

X (Fhc(X,S 1 ))=x(X). 

3. Proof of Theorem A 

By work of Orlik and Raymond ll30l , X is homeomorphic to a connected sum 
of copies of 8 2 x § 2 , ±CP 2 and S 4 . Moreover, the T 2 action is equivalent to a 
smooth T 2 action on X, where X has the standard smooth structure induced via 
connected sum by the standard smooth structure on each one of S 2 x S 2 , CP 2 and 
S 4 . The orbit space X* is homeomorphic to a 2-disk and the action has at least 
2 fixed points. On the other hand, proceeding as in ifTol . we conclude that the 
action has at most 3 fixed points, if curv(X) > 1, and at most 4 fixed points, if 
curv(X) > 0. It follows from 11301 that, if the action has 2 or 3 fixed points, then X 
is equivariantly homeomorphic, respectively, to S 4 or CP 2 equipped with a linear 
action; if the action has 4 fixed points, then X is equivariantly homeomorphic to 
§ 2 x S 2 or CP 2 # ± CP 2 with a smooth T 2 action. By fl3J, any smooth T 2 action 
on S 2 x S 2 or CP 2 # ± CP 2 is equivariantly diffeomorphic to an isometric action 
on a normal biquotient. 

4. Proof of Theorem B 

By work of Fintushel ED, Pao ED and Perehnan Il33l l34l l26l l27l. X is 
homeomorphic to a connected sum of copies of S 2 x S 2 , ±CP 2 and S 4 . Moreover, 
the S 1 action is equivalent to a smooth S 1 action on X equipped with the standard 
smooth structure induced via connected sum by the standard smooth structure on 
each one of S 2 x § 2 , CP 2 and S 4 . The action is determined by Fintushel's orbit 
space weights (cf. Theorem 13.2 in iflOlD . Observe that x(Fix(X, S 1 ) = x(X) via 
a well-known theorem of Kobayashi for smooth circle actions on compact smooth 
manifolds (cf. also Proposition 12.2b - 

It is well-known that the only possible orbit types are principal orbits, fixed 
points and exceptional orbits. For convenience, in this section we will also denote 
the set of fixed points by F; the set of exceptional orbits will be denoted by E. The 
orbit space X* is a simply connected topological 3-manifold with dX* c F* , the 
set F* -dX* of isolated fixed points is finite and F* is nonempty. The components 
of dX* are 2-spheres and the closure E of E* is a collection of polyhedral arcs 
and simple closed curves in X* . The components of E* are open arcs on which 
orbit types are constant, and these arcs have closures with distinct endpoints in 
F* - dX*, so that E* c E* u F* . It follows from M Theorem 7. 1] and the validity 
of the Poincare conjecture that, if E contains no simple closed curves, then the 
S* 1 action on X extends to a locally smooth action of T 2 . If E contains a simple 
closed curve K* , then the S* 1 action extends to a locally smooth T 2 action if and 
only if E* u F* = K* and K* is unknotted in X* =; S 3 . Observe that the simple 
closed curves in E are tame knots in X* . 
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Proof of part (1) - Positive curvature. Let X be a compact, simply connected TR 
Alexandrov space with curv > 1 and an isometric circle action. 

We derive first the topological classification. By Freedman ifTTl . it suffices to 
show that 2 < x(X) < 3. The lower bound on x(^0 follows from Poincare duality. 
We obtain the upper bound on x(X) by showing that the fixed point set of the 
action has Euler characteristic at most 3. Suppose that the fixed point set F contains 
a 2-sphere, which must be a boundary component of the orbit space X* . Since X* 
is a positively curved Alexandrov space, the distance function to dX* is strictly 
concave and it follows from Perelman's Soul Theorem for Alexandrov spaces ll32ll 
that the set at maximal distance from dX* is a point x$. The distance function 
to dX* has no critical points in X* - { dX* u {p^ } } and, proceeding as in ll20l 
Lemma 1 . 1 -(hi)] , one concludes that the points in X * - { dX * u { p^ } } correspond 
to orbits with trivial isotropy. Hence, the fixed point set of the action is either a 2- 
sphere, or a 2-sphere and an isolated fixed point. Suppose now that the fixed point 
set consists only of isolated fixed points. A standard triangle comparison argument 
shows that there can be at most three such points. Therefore, x(F) ^ 3. 

We now derive the equivariant classification. By work of Orlik and Raymond 
ll30l . any topological T 2 action on § 4 or CP 2 is equivalent to a linear action. Thus, 
to obtain the desired conclusion, it suffices to show that the S 1 action extends to 
a T 2 action. By the discussion at the beginning of this section, this is immedi- 
ate when the fixed point set contains a 2-sphere, since in this case the set E of 
exceptional orbits is empty. 

If F consists of only isolated points and E contains a simple closed curve K* , 
we must verify that K* - E* u F* and K* is unknotted in X* s S 3 . To do so, 
we may proceed along the lines of l2ll ; for the sake of completeness, we briefly 
sketch here the relevant ideas (details can be found in (2~lT ). One first verifies that 
the canonical two-fold branched cover X^(K*) of X* , with branching set K* , is 
an Alexandrov space with the same lower curvature bound as the orbit space X* . 
To see this, let C* c K* be the closure of the open arcs in K* whose isotropy is not 
Z2. Observe that X^{K*) is an Alexandrov space in a neighborhood of K* - C* , 
since there it is locally isometric to the quotient of a neighborhood of an orbit of 
the 5 1 action on X. On the other hand, since the isotropy group is constant in the 
interior of minimal geodesies joining any two orbits, the set X* - C* is convex, 
and so is the set X£ (K*) -C*. Since any geodesic triangle in X£ (K*) is the limit 
of geodesic triangles in X^{K*) - C* , the conclusion follows. One may then use 
the weighted orbit space restrictions in [9] and the fact, due to Grove and Wilking 
ED, that 7ri(X 2 *(K*)) = if K* is unknotted, and |vri(X 2 *(if*))| > 3 otherwise, 
to conclude that K* = E* u F* and K* is unknotted in X* a S 3 . Therefore, as 
recalled at the beginning of this section, the S* 1 action can be extended to a locally 
smooth T 2 action. 

Proof of part (2) - Nonnegative curvature. Let X be a compact TR Alexandrov 
space of dimension 4 with curv(X) > and an isometric circle action. 

As in the positively curved case, to derive the topological classification it suf- 
fices to show that 2 < x(-X") < 4, with the lower bound immediately following 
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from Poincare duality. We have three cases to consider: when the fixed point set 
consists only of isolated points, when there are 2-dimensional components and iso- 
lated fixed points, and where there are only 2-dimensional components. In the first 
case, a comparison argument shows that there can be at most four such points. In 
the second case, the metric argument used in 1371 implies that there can only be 
at most two isolated fixed points and one 2-dimensional component. In the third 
case, an analog of the Searle-Yang Double Soul Theorem in 11371 holds in the case 
at hand and implies that if there are at least two 2-dimensional fixed point set com- 
ponents, there must be exactly two and there cannot be isolated fixed points: 

Theorem 4.1. Let X be a complete TR regular Alexandrov space of nonnegative 
curvature equipped with an isometric, locally smooth S 1 action. Let F be the 
fixed point set of the S 1 action on X. Suppose that F contains two connected 
codimension 2 components Y and Z with one of them being compact. Then Y is 
isometric to Z, F = Y u Z and X is homeomorphic to an S 2 -bundle over Y. 

The proof of this theorem follows from observing that X* is a TR Alexandrov 
space of nonnegative curvature and, by the analysis in [38 ] (cf. also [5 ]), X* must 
split isometrically as Y x I. In particular, in the 4-dimensional case, the orbit space 
must be isometric to § 2 x I. 

Therefore, the fixed point set F of the action can only consist of four isolated 
fixed points, a 2-sphere and at most two isolated fixed points, or two 2-spheres. In 
all cases x(F) ^ 4. 

Let X be isometric to one of S 4 , CP 2 or § 2 x § 2 or CP 2 # ± CP 2 equipped 
with an Alexandrov metric of nonnegative curvature and an isometric circle action. 
Recall that, by work of Orlik and Raymond [30], any locally smooth smooth T 2 
action on § 4 , CP 2 or S 2 x §> 2 or CP 2 # ± CP 2 is equivalent to a smooth action. 
By El, any smooth T 2 action is equivalent to a linear action and, by |[T5l . any 
smooth T 2 action on S 2 x § 2 or CP 2 # ± CP 2 is equivalent to an isometric action 
on a normal biquotient. Thus, to obtain the equivariant classification of locally 
smooth circle actions on X it suffices, by the discussion at the beginning of this 
section, to verify that if K* c E is a simple closed curve, then K* = E* u F* and 
K* is unknotted in X* ^ S 3 . This follows as in the positively curved case. 
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